K meson-deuteron scattering lengths, atomic level shifts and widths are calculated. These quantities depend on controversial kaon-nucleon scattering amplitudes extrapolated by few MeV below the KN threshold. Experimental consequences of several KN interaction models are studied.
I. INTRODUCTION
particle. The price to pay is the difficulty in a reliable description of the Kα system. It is the deuteron that offers a good compromise between the requirements of theories and the atomic experiments.
In this letter a simple formula for the KD scattering length, volume etc. is given and related shifts and widths of atomic levels are calculated. This formula is expressed by certain averages of the Kn and Kp S-wave scattering amplitudes below the thresholds. These averages are our free parameters and are taken from theoretical models or phenomenological scattering analyses. It turns out that it is the widths of atomic states that are most sensitive to these imput parameters. The 1S level shifts display rather limited sensitivity to the real amplitudes and are dominated by the absorptive parts of KN amplitudes. The results indicate a good chance for a successfull measurement within the DEAR project.
II. RELATION OF LEVEL SHIFTS TO SCATTERING AMPLITUDES
The atomic level shifts ∆E induced by nuclear interactions may be related to the scattering lengths of the orbital meson on atomic nuclei. These relations are very simple when the atomic Bohr radius B is larger than the lengths characteristic for nuclear interactions : the nuclear radius R D and the meson-nucleus scattering length A 0 . For the S waves such a relation
is known as the Trueman formula [14] . It is accurate to a second order in A 0 /B, good enough for the KD system. The electromagnetic energy ǫ nS in Eq. (1) is composed of the Bohr's atom energy ǫ o nS = −µ(α) 2 /2n 2 corrected for relativity and effects of the deuteron electric polarisability. The Bohr radius is given by = 1/αµ where µ is the reduced mass.
In the 1S state one has λ = 3.154,B = 69.2f m, A ≈ 1f m and the second order term in Eq.
(1) constitutes a few percent correction. Such corrections are negligible in higher angular momentum states. For these states a simpler linear relation
due to Lambert [15] is sufficient. We shall be interested in the lowest circular states 1S, 2P, 3D. For these the overlap factors Θ equal correspondingly 2, 3/16, 60/(81) 2 .
Our problem is to calculate the KD scattering length A 0 , scattering volume A 1 etc. These quantities are obtained in the next section by a trick which sums the KD multiple scattering
series. This method was tested with success in the ηD calculations where the details of the method are explained [17] . In this way the kaon-deuteron scattering lengths are expressed in terms of deuteron radius, properties of NN interactions and the KN scattering amplitudes.
The latter are complex due to KN coupling with the open Σπ, Λπ channels. The absorptive parts af these amplitudes contribute to absorptive parts of the KD scattering lengths. The latter determine the widths of atomic KD states.
III. A FORMULA FOR THE KAON-DEUTERON SCATTERING MATRIX
The purpose of this section is to exploit a simple formula that relates the meson-deuteron scattering lengths to the meson-nucleon subthreshold scattering amplitudes. The KD lengths are found by a summation of the multiple scattering series and are expressed in terms of few basic multiple scattering integrals. Although we are interested in all partial waves in the KD system only the S wave interactions in the KN system are considered.
To keep the presentation simple, the impulse approximation is discussed in some detail but higher order terms and the summation of the series is presented rather schematicaly. For details we refer to a similar calculation of η-deuteron scattering length [17] .
Let us begin with a multiple scattering expansion that follows from the three-body
Faddeev equations for a meson interacting with a pair of nucleons labeled 1,2. For the situation of meson-deuteron scattering below the deuteron breakup, the series for the kaondeuteron T KD -matrix is:
where t i are meson-nucleon scattering matrices, G 0 is the free three-body propagator and The scattering amplitude is determined by an average
where ψ D is the deuteron and ψ L K is the free-meson wave function for an L-th partial wave in the meson-deuteron system. We define the KD scattering lengths as the limit for p → 0 of the expression
where p is a relative meson-deuteron momentum and m KD is the corresponding reduced mass. The normalization in Eq.5 is related to the normalisation of t KN
where a KN (E) is the S wave scattering amplitude in the KN system normalised to the scattering length at the KN threshold. Here, µ KN is another reduced mass.
Calculations of the multiple scattering integrals are straightforward although tedious and the formulae are lengthy. For an illustration we reproduce the leading impulse approximation lengths for zero range KN forces. Actual calculations are performed with a finite force range generated by a separable Yamaguchi potential of 600 MeV inverse range .
The leading term
This term yields the impulse KD scattering lengths
where < (r/2) 2L > D is the 2L-th radial moment of the deuteron related to its center and
are the scattering matrices averaged over some energy region, generated by the recoil of the spectator nucleon. The range of the latter is given by a Bessel transform of the deuteron wave functionφ
The energies involved in Eq. (8) Now a partial summation of the series (3) for < T > is obtained by
with
This partial sum is very close to the formula for meson scattering on two fixed nucleons [16] .
It contains terms of the order ξ =< t > /R D in the denominator. The parameter ξ does not need to be small for the success of Eq.(10), which works also for |ξ| > 1, when the multiple scattering is divergent. In the K − D case |ξ| falls into 0.3-.5 range. Corrections of higher orders of ξ in the denominator of Eq.(10) may be obtained by comparing higher orders in Eq.(3) with a series expansion of Eq.(10) with respect to Ω 1 and Σ 1 . In this way the second approximation is obtained
where
and
This procedure may be continued but the main advantage of this order is a strong cancellation in the Σ 2 − Σ 2 1 term (and indeed also in the higher order Σ n terms). The convergence of our expansion is shown in Table 1 in the case of S wave scattering length. It seems quite satisfactory and a percent precision is reached. The details of the calculations may be found in Ref. [17] where this formalism is used to describe the η deuteron scattering.
For completeness, the scattering length should contain also an inner Coulomb correction.
A quick estimate follows from a boundary condition model that generates a relation 1/A c = 1/A − 2/B(ln(2R D /B) + 1.154) where A c is the Coulomb corrected length. The change is on a percent level and will be neglected in the following estimates.
IV. RESULTS
The meson-deuteron scattering length A KD is expressed in terms of "effective Kp and Kn scattering lengths"ā KN , which are some averages of the KN scattering matrices extrapolated below the threshold. These are input parameters taken from several analyses of the combined πσ, πΛ, KN coupled channels data. A collection of characteristic numbers is given in Table 2 .
In Table 3 one finds values of the atomic level shifts and half-widths for the KN effective scattering lengths given in Table 2 . The resulting S wave length A KD and related level width may vary by an order of magnitude, reflecting the nearby KD quasibound state that may arise at threshold for ℜa KN close to 1 fm. It is clear that such a possibility exists for one of the models discussed [23] , [20] . Other models are rather distant from this situation.
The effective lengths were grouped into two sets. Those of Refs. [18] , [2] , [19] , [22] fit the scattering results and disagree with the 1S kaonic hydrogen level data. The differences of the KD level shifts and widths are rather moderate, still some of those, in particular the 2P level widths could be discernible by the atomic cascade measurements. The differences involved in these models are partly related to the subthreshold extrapolations which are known to depend on details of the interaction. Other differences are due to different nonresonant I = 1 amplitudes that weight heavily in the deuteron case.
Other, less conventional, models tend to describe the hydrogen level shift and width.
Those [23] , [21] , [20] generate significantly smaller KN absorptive amplitudes. As a consequence the widths of 2P, 3D states in the deuterium are also much smaller. Another interesting physical consequence of some of these models is a near-possibility of a nuclear S wave KD state. Such a state is almost-generated by the attractive Kn interactions involved in models of Refs. [23] , [20] . Proximity of such a state is reflected in the enhanced widths of the 1S kaonic-deuterium atomic level indicated in Table 3 . Schnick [20] , [23] 0.58 -i2.87 -9.8 -i3.7 -i2.4
